Let Q be a topological group and K a trivial Q-module. It is known that the second cohomology H 2 (Q, K) is isomorphic with the group of extensions of Q by K. In this paper by means of semidirect product we relate the first cohomology ,H 1 (Q, K), to a quotient of automorphisms of Q. Also we show that vanishing H 1 (Q, K) implies conjugacy of complements in the semidirect product when K is abelian.
Introduction
The concept of semidirect product is one of the basic notions in group theory . In recent years it has found its way into Banach algebra theory [7, 9, 3] and categorical group [5] .In this paper we use it in the category of topological groups . Spaces are assumed to be completely regular and Hausdorff. A topological extension of Q by A is a short exact sequence 0
,where i is a topological embedding onto a closed subgroup and π an open continuous onto homomorphism. The extension is central if A is in the center of G. We consider extensions with a continuous section i.e. u : Q → G such that πu = Id. For example ,if Q is a connected locally compact group ,then any topological extension of Q by a connected simply connected Lie group has a continuous section [6,theorem 2] . Notation and definitions as in [2] . By ZQ we mean the group ring whose elements are all x∈Q m x x ,m x ∈ Z.
In section 1 we describe the cohomology and semidirect product of topological groups. In section 2 we show that vanishing of H 1 (Q, A) implies that the complements in the semidirect product are conjugate.
Cohomology and semidirect product of topological groups
When Q is a topological group the theory of cohomology gets more interesting since we have both algebraic and topological notions of cohomology and there are different ways to combine them. In this section we are interested in the cohomology in dimensions one and two. Also we describe the semidirect product in the category of topological groups.
Let Q be a topological group and K an abelian topological group on which Q acts continuously. Let C n (Q, K) be the continuous maps φ : Q n → K with the coboundary map
Note that this is analogous to the inhomogeneous resolution for the discrete case [4] .
Let Ext s (Q, K) be the set of extensions of Q by A with a continuous section. It is known [1] ,by the Baer sum, that Ext s (Q, K) is an abelian topological group. By [6] , if Q is a topological group and K a trivial Q-module then there is an isomorphism between the second cohomology of Q and the group of extensions of Q by K with continuous sections, namely
→ Q → 0 has a continuous section then G K × Q , as topological spaces [1] .
Semidirect product of topological groups
In this part we define the semidirect product in the category of topological groups. The idea is motivated by [2] . Examples.
(
(2) An abelian group is a semidirect product iff it is a direct (usually called a direct sum ) since every subgroup of an abelian group is normal.
(3) cyclic groups of prime power order are not semidirect product since they can not be direct sum of two proper subgroups.
For the extensions there is a standard notion of equivalence.
Definition 1.3
Let K and Q be topological groups and
be two semidirect product of Q and K with the homomorphisms u : 
Remark. In definition 1.3 it is sufficient to demand that α be continuous isomorphism. It can be shown that α is open as follows: Let U 1 be a neighborhood of identity in G. Since π is open and π is continuous we can choose a neighborhood of identity
We have shown that α(U 1 U 1 ) ⊇ U and so is a neighborhood of identity in G. This is sufficient to say that α is open. We consider the case where K is abelian.
But u(xy) and u(x)u(y) both are lifting of xy,πu(xy) = π(u(x)u(y)). So by part (1) , θ x θ y = θ xy .
Remark. The homomorphism θ indicates how K is normal in G. For example let K be a cyclic group of order 3 and Q =< x > be the cyclic group of order 2. If G is the semidirect product ,then G is abelian and K lies in the center of G. In this case u(x)au(x) −1 = a for all a ∈ K and θ x = 1 K . proposition 1.5 Let K and Q be topological groups with K abelian. Then
Proof.Let b ∈ ZQ.Then b has a unique expression of the form w = x∈Q m x x where m x ∈ Z and almost all m x = 0. Define
Since θ is a homomorphism , θ(1) = 1 + K , and so 1a = θ 1 (a). Since
The multiplication is independent of the choice of u.
Proof. By proposition 1.4 and 1.5.
Now we express The semidirect product as a product of groups.
Similarly a = a . (3) Since i and j are inclusions, necessity is the spacial case of (2). Conversely if each g ∈ G has a unique expression g = ax, a ∈ K, x ∈ Q. Define π : G → Q by π(ax) = x It is easy to check that π is a continuous homomorphism.
Let H and N be topological groups and α : H × N → N be a continuous action of H on N i.e.
In the following we show that there is a one to one correspondence between the actions and split extensions of topological groups.
Proposition 1.8 If H and N are topological groups ,then each action of H on N determines a split extension of H by N.

Proof. Let α : H → Aut(N ) be a continuous action of H on N.
We define the group H∝ α N as follows: as a space H∝ α N is the cartesian product H × G and multiplication is given by
.It is easy to show that H∝ α G is a topological group. Let q H ,q N be the natural embedding of H and N, respectively, and
is an extension with splitting homomorphism q H : H → H∝ α N.
Note. The group H∝ α N is called the semidirect product of H and N with respect to α. 
Act(G, H) be the set of continuous actions of G on H and Ext split (G, H) the set of equivalence of split extensions of G by H.
Theorem 1.10 There is a one to one correspondence between Act(G, H) and Ext split (G, H).
Proof. Let Δ : Act(G, H) → Ext split (G, H) be defined by Δ(α) = ε α ,ε α as in proposition 1.8 . Let α and α be two extensions of G by H and 
This action induces the split extension
is a continuous isomorphism which gives the equivalence of ε and ε α . So Δ is onto.
As a result we have: Theorem 1.11 Let K be an abelian topological group. If G is the semidirect product of K by Q, then there is a Q-module structure on K so that G K ∝ Q. Proof. If a ∈ K and x ∈ Q we define x.a = xax −1 . It is clear that the action is continuous and makes K a Q-module. By theorem 1.10, this action determines a split extension . By proposition 1.7 each g ∈ G can uniquely be expressed as g = ax, a ∈ K, x ∈ Q. Now we define φ : → (a, x) . A straight forward argument shows that φ is an isomorphism. Hence G K ∝ Q.
Vanishing of H 1
Vanishing of H 2 (Q, K) implies that every extension of Q by K is a semidirect product. In this section we see that vanishing of H 1 (Q, K) implies conjugacy of complements when K is abelian. Definition 2.1 .An automorphism φ :
The set of all stabilizing of K by Q , denoted by Stab(Q, K), is a group under composition. Note that stabilizing automorphism is an isomorphism that gives an equivalence of an extension with itself.We will show that Stab(Q, K) does not depend on the extension. 
Proof. If φ is a stabilizing thenπφ = φ. Since the extension splits so
The converse is easy. Definition 2.3 . Let Q be a topological group and K a Q-module. A derivation (or crossed homomorphism) is a continuous map d :
The set of all derivations ,denoted by Der(Q, K), is an abelian group under
Proposition 2.4 Let Q be a topological group , K a Q-module and 0 →
There is a one to one correspondence between Stab(Q, K) and Der(Q, K).
where d is a derivation. Since d is independent of the choice of section so the map φ → d is well-defined, which easily seen to be a homomorpism.Now we construct an inverse map. Let K be an abelian group . We write the operation in K additively.We use the following notational convention: Even though G may not be abelian, additive notation will be used for the operation in G.
But d is principal derivation , so ,by proposition 2.2, φ is an stabilizing automorphism . Now φ is a conjugation by a 0 :
Conversely, let φ be a stabilizing conjugation. Now φ(a+u(x)) = a+d(x)+u(x) and φ(a + u(x)) = a 0 + a + u(x) − a 0 , since φ is conjugation by a 0 . But [6] .This is called a factor set . When the extension splits , then there exists a u which is a homomorphism ; the corresponding factor set is identically 0. Hence factor sets describe how an extension differs from being a split extension. Also we have the cocycle identity [4] :
f (x, y) + f (xy, z) = xf (y, z) + f (x, yz) .
In the following we show that vanishing of H 1 (Q, K) implies the conjugacy of complements ,in the semidirect product of topological groups, when K is abelian. 
Proposition 2.6 Let
